For systems of partial differential equations ͑PDEs͒ with n Ն 3 independent variables, construction of nonlocally related PDE systems is substantially more complicated than is the situation for PDE systems with two independent variables. In particular, in the multidimensional situation, nonlocally related PDE systems can arise as nonlocally related subsystems as well as potential systems that follow from divergence-type or lower-degree conservation laws. The theory and a systematic procedure for the construction of such nonlocally related PDE systems is presented in Part I ͓A. F. Cheviakov and G. W. Bluman, J. Math. Phys. 51, 103521 ͑2010͔͒. This paper provides many new examples of applications of nonlocally related systems in three and more dimensions, including new nonlocal symmetries, new nonlocal conservation laws, and exact solutions for various nonlinear PDE systems of physical interest.
lower-degree conservation laws͒. For example, in the case of n = 3 independent variables, one can have a vanishing divergence or a vanishing curl; for n Ͼ 3, n − 1 types of conservation laws exist. ͓It is important to note that in many physical examples, the most commonly arising conservation laws are of divergence-type ͑degree r = n −1͒ conservation laws, which yield underdetermined potential systems.͔ Due to such complexity and, furthermore, the difficulty of performing computations for PDE systems involving many dependent and independent variables, very few results have been obtained so far for multidimensional systems. In this paper, building on the framework presented in Ref. 1 , we present new results for important examples as well as discuss and synthesize some previously known results. The symbolic software package GeM for MAPLE ͑Ref. 14͒ was used for the symbolic computations.
An important use of nonlocally related systems is the computation of nonlocal symmetries of a given PDE system. A nonlocal symmetry is a symmetry for which the components of its infinitesimal generator, corresponding to the variables of the given system, have an essential dependence on nonlocal variables. Only determined nonlocally related systems can yield nonlocal symmetries of a given system. 11 Consequently, one seeks nonlocal symmetries of a given PDE system ͑with n Ն 3 independent variables͒ through seeking local symmetries of the following types of nonlocally related PDE systems. 1 • Nonlocally related subsystems ͑always determined͒.
• Potential systems of degree one ͑always determined͒. ͑In R 3 , such potential systems arise from curl-type conservation laws.͒ • Potential systems of degree r :1Ͻ r Յ n − 1, appended with an appropriate number of gauge constraints.
Examples of nonlocal symmetries arising from all three of the above types are given in this paper.
Another important use of nonlocally related systems is the computation of nonlocal conservation laws of a given PDE system. A nonlocal conservation law is a conservation law whose fluxes depend on nonlocal variables, and which is not equivalent to any local conservation law of the given system. 1, 15 Unlike nonlocal symmetries, nonlocal conservation laws can arise from both determined and underdetermined potential systems, as illustrated by examples in this paper.
The sections of the paper below pertain to particular examples of nonlocally related PDE systems and their applications to construction of nonlocal symmetries, nonlocal conservation laws, and exact solutions of PDE systems in n Ն 3 dimensions. Examples of results for multidimensional PDE systems in this paper include the following ͑new results are marked by an asterisk͒.
• A nonlocal symmetry ‫ء‬ arising from a nonlocally related subsystem of a nonlinear PDE system in ͑2+1͒ dimensions ͑Sec. II͒.
• Nonlocal symmetries ‫ء‬ and nonlocal conservation laws ‫ء‬ of a nonlinear "generalized plasma equilibrium" PDE system in three space dimensions ͑Sec. III͒. ͓These nonlocal symmetries and nonlocal conservation laws arise from local symmetries and local conservation laws of a potential system following from a lower-degree ͑curl-type͒ conservation law.͔ • Nonlocal symmetries of the linear wave equation in ͑2+1͒ dimensions, 11 arising from local symmetries of an underdetermined potential system of degree of 2, appended with a Lorentz gauge ͑Sec. IV͒. ͑Nonlocal conservation laws of this equation were also obtained in Ref. 11 .͒ • Nonlocal symmetries ‫ء‬ of dynamic Euler equations of incompressible fluid dynamics arising from axially and helically symmetric reductions ͑Sec. V͒.
• Nonlocal symmetries and nonlocal conservation laws of Maxwell's equations in ͑2+1͒-dimensional Minkowski space, arising from local symmetries and local conservation laws of a determined potential system of degree 1 and an underdetermined potential system of degree of 2, appended with a Lorentz gauge. 11 Additional nonlocal conservation laws arise from local conservation laws of a potential system appended with algebraic ‫ء‬ and divergence ‫ء‬ gauges ͑Sec. VI͒.
• Nonlocal symmetries and nonlocal conservation laws of Maxwell's equations in ͑3+1͒-dimensional Minkowski space, arising from local symmetries and local conservation laws of an underdetermined potential system of degree 2, appended with a Lorentz gauge. 12 Additional nonlocal conservation laws arise from local conservation laws of a potential system appended with algebraic ‫ء‬ and divergence ‫ء‬ gauges. ͑Sec. VII͒.
• Nonlocal symmetries ͑following from a curl-type conservation law͒ and exact solutions of the nonlinear three-dimensional magnetohydrodynamics ͑MHD͒ equilibrium equations 16, 17 ͑Sec. VIII͒.
Finally, in Sec. IX, some open problems are discussed.
II. A NONLOCAL SYMMETRY ARISING FROM A NONLOCALLY RELATED SUBSYSTEM IN THREE DIMENSIONS
The first example illustrates the use of nonlocally related subsystems to obtain nonlocal symmetries of PDE systems in higher dimensions.
Consider the PDE system UV͕t , x , y ; u , v 1 , v 2 ͖ in one time and two space dimensions, given by
͑2.1͒
In ͑2.1͒, v = ͑v 1 , v 2 ͒ is a vector function and K͉͑v͉͒ is a constitutive function of the indicated scalar argument. In ͑2.1͒ and throughout this paper, subscripts are used to denote the corresponding partial derivatives.
PDE system ͑2.1͒ has the nonlocally related subsystem V͕t , x , y ; v 1 , v 2 ͖, given by v tt = grad͓K͉͑v͉͒div v͔.
͑2.2͒
Consider the one-parameter class of constitutive functions given by
͑2.3͒
It is interesting to compare the symmetry classifications of systems ͑2.1͒ and ͑2.2͒ with respect to the constitutive parameter m 0. For arbitrary m in ͑2.3͒, one can show that the point symmetries of given PDE system ͑2.1͒ are given by the seven infinitesimal generators,
͑2.4͒
In contrast, subsystem ͑2.2͒ has the point symmetries given by the six infinitesimal generators,
͑2.5͒
Additional point symmetries arise for ͑2.1͒ if and only if m = −1 and for ͑2.2͒ if and only if m = −1 , −2. In the case m = −1, one can show that both systems have an infinite number of point symmetries. In the case m = −2, subsystem ͑2.2͒ has an additional point symmetry,
whereas given PDE system ͑2.1͒ still has same point symmetries ͑2.4͒. It follows that ͑2.6͒ yields a nonlocal symmetry of given PDE system UV͕t , x , y ; u , v 1 , v 2 ͖ ͑2.1͒.
III. NONLOCAL SYMMETRIES AND NONLOCAL CONSERVATION LAWS OF A NONLINEAR PDE SYSTEM IN THREE DIMENSIONS
As a second example, consider the time-independent "generalized plasma equilibrium" PDE system H͕x , y , z ; h 1 , h 2 , h 3 ͖ in three space dimensions, given by curl͑K͉͑h͉͒͑curl h͒ ϫ h͒ = 0, div h = 0.
͑3.1͒
In ͑3.1͒, h = ͑h 1 , h 2 , h 3 ͒ is a vector of dependent variables. The first equation in PDE system ͑3.1͒ is a conservation law of degree one ͑curl-type conservation law͒. The corresponding potential system HW͕x , y , z ; h 1 , h 2 , h 3 , w͖ is given by
where w͑x , y , z͒ is a scalar potential variable. Potential system ͑3.2͒ is determined and hence needs no gauge constraints.
A. Nonlocal symmetries of PDE system "3.1…
First, a comparison is made of the classifications of point symmetries of the PDE systems H͕x , y , z ; h 1 , h 2 , h 3 ͖ and HW͕x , y , z ; h 1 , h 2 , h 3 , w͖ for the one-parameter family of constitutive functions K͉͑h͉͒ given by
where m is a parameter. For an arbitrary m, given system H͕x , y , z ; h 1 , h 2 , h 3 ͖ ͑3.1͒ has eight point symmetries, given by
corresponding to invariance, respectively, under three spatial translations, one dilation, three rotations, and one scaling. From solving the corresponding set of multiplier determining equations, one finds the nontrivial conservation law multipliers given by
where A, B are arbitrary constants. ͑In particular, the conservation law corresponding to the constant B is simply the fourth PDE div h =0.͒ Second, we apply the direct method to potential system HW͕x , y , 
with the corresponding divergence-type conservation laws given by
In ͑3.7͒, ͑x 1 , x 2 , x 3 ͒ = ͑x , y , z͒. Conservation laws ͑3.7͒ have an evident geometrical meaning. From the vector equation in ͑3.2͒, it follows that grad w is orthogonal to h, i.e., the vector field h is tangent to level surfaces w = const. Expression ͑3.7͒ can be rewritten as div͑M͑w͒h͒ ϵ MЈ͑w͒grad͑w͒ · h + M͑w͒div h = 0, where M͑w͒ = G͑w͒ +2͑m +1͒wGЈ͑w͒, and hence is equivalent to grad͑w͒ · h = 0, provided that MЈ͑w͒ 0.
By a similar argument, it follows that PDE system H͕x , y , z ; h 1 , h 2 , h 3 ͖ ͑3.1͒ has another family of nonlocal conservation laws given by div͓Q͑w͒curl h͔ = 0 ͑3.8͒
for an arbitrary Q͑w͒. 
IV. NONLOCAL SYMMETRIES OF THE TWO-DIMENSIONAL LINEAR WAVE EQUATION
The resulting potential equations are underdetermined, therefore in order to seek nonlocal symmetries, a gauge constraint is needed. A Lorentz gauge is chosen since it complies with the geometrical symmetries of given PDE ͑4.1͒. 11 The resulting determined potential system UV͕t , x , y ; u , v͖ is given by
͑4.2͒
A comparison is now made of the point symmetries of PDE systems U͕t , x , y ; u͖ ͑4.1͒ and UV͕t , x , y ; u , v͖ ͑4.2͒. Modulo the infinite number of point symmetries of any linear PDE system, linear wave equation ͑4.1͒ has ten point symmetries:
• three translations X 1 ,X 2 ,X 3 given by
• one dilation given by
• one rotation and two space-time rotations ͑boosts͒ given by
• three additional conformal transformations given by
has seven point symmetries Y 1 , ... ,Y 7 that project onto the point symmetries X 1 , ... ,X 7 of wave equation ͑4.1͒. However, the three additional conformal symmetries of potential system ͑4.2͒ given by
clearly yield nonlocal symmetries of wave equation ͑4.1͒. Moreover, potential system ͑4.2͒ has three duality-type point symmetries given by
that also yield nonlocal symmetries of wave equation U͕t , x , y ; u͖ ͑4.1͒. In summary, potential
with the Lorentz gauge yields six nonlocal symmetries of linear wave equation ͑4.1͒.
11
One can show that no nonlocal symmetries of the wave equation arise from the potential system UV͕t , x , y ; u , v 0 , v 1 , v 2 ͖ if the Lorentz gauge is replaced by any one of the algebraic gauges v k = 0 for k ͕0,1,2͖, the divergence gauge, the Poincaré gauge, or the Cronstrom gauge. 15 In
2͒ was used to obtain additional ͑non-local͒ conservation laws of wave equation U͕t , x , y ; u͖ ͑4.1͒.
V. NONLOCAL SYMMETRIES OF THE EULER EQUATIONS
Consider the Euler equations describing the motion for an incompressible inviscid fluid in R 3 , which in Cartesian coordinates are given by div u = 0, ͑5.1a͒
͑5.1b͒
where the fluid velocity vector u = u 1 e x + u 2 e y + u 3 e z and fluid pressure p are functions of x , y , z , t. The fluid vorticity is a local vector variable defined by = curl u.
͑5.2͒
Using the vector calculus identity
vector momentum equation ͑5.1b͒ can be rewritten as
ͪ=0.
͑5.3͒
One can construct a vorticity subsystem of PDE system ͑5.1͒ by taking the curl of Eq. ͑5.3͒,
PDE system ͑5.4͒ is nonlocally related to Euler equations ͑5.1͒. By definition, Euler system ͑5.1͒ is a potential system of PDE system ͑5.4͒ following from curl-type ͑degree one͒ conservation law ͑5.4b͒.
Below we compare point symmetries of Euler equations and the vorticity subsystem in two symmetric settings.
26

A. Axially symmetric case
Rewriting Euler equations ͑5.1͒ in cylindrical coordinates ͑r , z , ͒ with u = ue r + ve + we z , we restrict the dependence of each of u , v , w , p to the coordinates t , r , z only due to the invariance of the Euler equations under ͑azimuthal͒ rotations in . Consequently, one obtains the reduced axially symmetric Euler system AE͕t , r , z ; u , v , w , p͖ given by
v t + uv r + wv z + 1 r uv = 0, ͑5.5c͒
In terms of cylindrical coordinates, the vorticity is represented in the form = me r + ne + qe z .
Using the invariance of ͑5.2͒ under the same azimuthal rotations, we again assume axial symmetry and rewrite three scalar equations ͑5.2͒ as
where m , n , q are functions of t , r , z. Combining PDE systems ͑5.5͒ and ͑5.6͒, we obtain the PDE system AEW͕t , r , z ; u , v , w , p , m , n , q͖, which is obviously locally related to the axially symmetric Euler system AE͕t , r , z ; u , v , w , p͖ ͑5.5͒, since vorticity components are local variables in terms of u , v , w.
The point symmetries of the system AEW͕t , r , z ; u , v , w , p , m , n , q͖ are given by
in terms of arbitrary functions F͑t͒ and G͑t͒. Point symmetries ͑5.7͒ correspond to the invariance of reduced system AE͕t , r , z ; u , v , w , p͖ ͑5.5͒ under time translations, two scalings, Galilean invariance in z, pressure invariance, and the additional symmetry X 6 which corresponds to the an introduction of a vortex at the origin given by
Now consider vorticity subsystem ͑5.4͒. Under the assumption of axial symmetry, it is denoted by AW͕t , r , z ; u , v , w , m , n , q͖ and given by
8͒ is a nonlocally related subsystem of the Euler reduced system with vorticity AEW͕t , r , z ; u , v , w , p , m , n , q͖ ͑5.5͒ and ͑5.6͒, and hence is nonlocally related to Euler reduced system AE͕t , r , z ; u , v , w , p͖ ͑5.5͒. One can show that the point symmetries of system AW͕t , r , z ; u , v , w , m , n , q͖ ͑5.8͒ are given by
in terms of an arbitrary function F͑t͒. It follows that the symmetry X 6 in ͑5.7͒, which is a point symmetry of PDE systems AE͕t , r , z ; u , v , w , p͖ and AEW͕t , r , z ; u , v , w , p , m , n , q͖, yields a nonlocal symmetry of the vorticity subsystem AW͕t , r , z ; u , v , w , m , n , q͖..
B. Helically symmetric case
Now consider helical coordinates ͑r , , ͒ in R 3 ,
In helical coordinates, r is the cylindrical radius; each helix is defined by r = const, = const; is a variable along a helix. In a helically symmetric setting, the velocity and vorticity vectors are given by 
In ͑5.10͒,
The helically symmetric version of ͑5.2͒ is given by the three scalar equations,
One can consider the system HEW͕t , r , ; u r , u , u , r , , ͖, given by the combination of PDE systems ͑5.10͒ and ͑5.11͒. This PDE system is locally related to helically symmetric Euler system HE͕t , r , ; u r , u , u , p͖ ͑5.10͒, since vorticity components are local functions of velocity components, their derivatives, and independent variables.
The point symmetries of system HEW͕t , r , ; u r , u , u , r , , ͖ ͑5.10͒ and ͑5.11͒ are given by 
͑5.13g͒
Its point symmetries are given by
in terms of an arbitrary function G͑t͒. ͓Note that symmetries X 2 ,X 4 ͑5.12͒ are special cases of the infinite family of symmetries Y 3 .͔ Comparing symmetry classifications ͑5.12͒ and ͑5.14͒, one observes that the full Galilei group in the direction of only occurs as a point symmetry of reduced vorticity subsystem HW͕t , r , ; u r , u , u , r , , ͖ ͑5.13͒, and thus yields a nonlocal symmetry of helically symmetry reduced Euler system HE͕t , r , ; u r , u , u , p͖ ͑5.10͒.
VI. NONLOCAL SYMMETRIES AND NONLOCAL CONSERVATION LAWS OF MAXWELL'S EQUATIONS IN "2+1… DIMENSIONS
The linear system of Maxwell's equations in a vacuum in three space dimensions is given by div B = 0, div E = 0, 
where the differential forms are given, respectively, by where the components of the electric and magnetic fields have been excluded through appropriate substitutions. The corresponding tree of nonlocally related PDE systems for given PDE system M͕t , x , y ; e 1 , e 2 , b͖ ͑6.5͒ was presented in Fig. 1 
B. Nonlocal conservation laws of Maxwell's equations "6.2…
(A) The potential system MAW͕t , x , y ; a , w͖ with the Lorentz gauge. Potential system MAW͕t , x , y ; a , w͖ ͑6.8͒ with the Lorentz gauge was used in Ref. 11 to obtain additional conservation laws with explicit dependence of the multipliers on potential variables. As an example, consider a linear combination of the equations of ͑6.8͒ with multipliers depending only on potential variables and their derivatives: ⌳ ͑A , W , ‫ץ‬A , ‫ץ‬W͒, = 1 , . . . , 4. The solution of the corresponding determining equations 1 yields eight sets of nontrivial multipliers given by
where C 1 , ... ,C 8 are arbitrary constants. The constants C 5 , ... ,C 8 simply yield four divergence expressions ͑6.8͒, whereas the constants C 1 , ... ,C 4 yield conservation laws, which has the algebraic ͑spatial͒ gauge a 2 = 0 instead of the Lorentz gauge. One can show that choosing multipliers
one obtains an additional nonlocal conservation law of Maxwell's equations ͑6.2͒ given by
Using respectively the algebraic gauges a 0 = 0 and a 1 = 0, one obtains two further nonlocal conservation laws of Maxwell's equations ͑6.2͒.
(C) The potential system MAW͕t , x , y ; a , w͖ with the divergence gauge. Now consider the potential system MAW͕t , x , y ; a , w͖ with the divergence gauge, given by
− w y = a t 1 − a x 0 , a t 0 + a x 1 + a y 2 = 0.
͑6.15͒
We again seek conservation law multipliers depending only on potential variables and their derivatives: ⌳ ͑A , W , ‫ץ‬A , ‫ץ‬W͒, = 1 , . . . , 4. One can obtain an additional divergence-type conservation law
following from the set of multipliers
which yields a nonlocal conservation law of Maxwell's equations ͑6.2͒.
(D) Other gauges.
One can directly show that for conservation law multipliers depending on potential variables and their first derivatives, no additional conservation laws arise for the potential system MAW͕t , x , y ; a , w͖ with Cronstrom or Poincaré gauges. Other gauges have not been examined.
VII. NONLOCAL SYMMETRIES AND NONLOCAL CONSERVATION LAWS OF MAXWELL'S EQUATIONS IN "3+1… DIMENSIONS
Now consider Maxwell's equations M͕t , x , y , z ; e , b͖ ͑6.1͒ in four-dimensional Minkowski space-time ͑x 0 , x 1 , x 2 , x 3 ͒ = ͑t , x , y , z͒. As it is written, each of the eight equations in ͑6.1͒ is a divergence-type conservation law. As per Table II in Ref. 1 in n = 4 dimensions, each divergence-type conservation law gives rise to n͑n −1͒ / 2 = 6 potential variables, i.e, if one directly uses all equations of ͑6.1͒ to introduce potentials, one obtains 48 scalar potential variables, and a highly underdetermined potential system. Instead of using divergence-type conservation laws, lower-degree conservation laws can be effectively used, as follows. 12 In four-dimensional Minkowski space-time, the 4 ϫ 4 metric tensor is given by = = diag͑−1,1,1,1͒; , =0,1,2,3. The electromagnetic field tensor F and its dual ‫ء‬F are given by the matrices 
Maxwell's equations ͑6.1͒ can be written as two conservation laws of degree 2,
͑7.1͒
In particular, the equation dF = 0 is equivalent to the four scalar equations div B =0, B t = −curl E, and the equation d ‫ء‬ F = 0 is equivalent to the remaining four equations of ͑6.1͒. Using Poincaré's lemma, one introduces the magnetic potential a and the electric potential c,
where a and c are four-component one-forms a = a dx , c = c dx ͑a total of eight scalar potential variables͒.
The corresponding determined singlet potential system MA͕t , x , y , z ; e , b , a͖ is given by div E = 0, E t = curl B,
the determined singlet potential system MC͕t , x , y , z ; e , b , c͖ is given by div B = 0, B t = − curl E,
and the determined couplet potential system AC͕t , x , y , z ; a , c͖ is given by
where electric and magnetic field components have been excluded through substitutions. The above potential systems are underdetermined. In particular, both a and c are defined to within arbitrary four-dimensional gradients. It is natural to use Lorentz gauges for these potentials due to the Minkowski geometry, as well as the symmetry and linearity of Maxwell's equations ͑6.2͒. In Sec. VII B, we will show that other gauges are also useful for finding nonlocal conservation laws.
A. Nonlocal symmetries
Consider the determined potential system which consists of six PDEs ͑7.5͒ appended by Lorentz gauges,
This appended potential system has 23 point symmetries including four space-time translations, one dilation, six rotations/boosts, six internal rotations/boosts, one scaling, one duality-rotation, and four conformal symmetries. In particular, the conformal symmetries,
can be shown to correspond to four nonlocal symmetries of Maxwell system M͕t , x , y , z ; e , b͖ ͑6.1͒. In particular, one can show that the symmetry components corresponding to the electric and magnetic fields e , b essentially depend on symmetric combinations of derivatives of the potential variables and are not expressible through local variables via potential equations ͑7.3͒ and ͑7.4͒. Additional nonlocal symmetries of Maxwell's equations ͑6.1͒ in four-dimensional space-time were obtained in Ref. 12 which arise as local ͑first-order͒ symmetries of determined potential system AC͕t , x , y , z ; a , c͖ ͑7.5͒ appended by Lorentz gauges.
B. Nonlocal divergence-type conservation laws
Consider system AC͕t , x , y , z ; a , c͖ ͑7.5͒. We seek nonlocal conservation laws of Maxwell's equations ͑6.1͒ arising as local conservation laws of its potential system ͑7.5͒, using the direct method, with multipliers depending only on potential variables and their derivatives: ⌳ ͑A , C , ‫ץ‬A , ‫ץ‬C͒. ͑In each subsequent case, only first derivatives that are not dependent through the equations of the system are included in the dependence of the multipliers, in order to exclude trivial conservation laws.͒ (A) Gauge-invariant nonlocal conservation laws. First, consider conservation laws arising from underdetermined potential system ͑7.5͒. It follows that such conservation laws will hold for any gauge. Following the direct method, one obtains 2090 linear PDEs for the six unknown multipliers. Its complete solution yields seven independent sets of multipliers. Six of these sets correspond to conservation laws that are PDEs ͑7.5͒ themselves. The other set is given by
͑7.11͒
The corresponding conservation law given by the divergence expression ͑exterior derivative͒,
was found in Ref. 12 and is a gauge-invariant nonlocal conservation law of Maxwell's equations ͑6.1͒.
(B) Nonlocal conservation laws arising from algebraic gauges. As a specific example, consider potential system ͑7.5͒ with the algebraic gauge a 0 = c 0 = 0. Here we seek local conservation laws arising from multipliers of the form
The complete solution of the corresponding determining equations yields seven sets of multipliers. Six of these sets of multipliers correspond to PDEs ͑7.5͒ as before, and the other set of multipliers given by
yields the conservation law
which is a nonlocal conservation law of Maxwell's equations ͑6.1͒.
(C) Nonlocal conservation laws for the divergence gauge. Now, consider potential system ͑7.5͒ appended with two divergence gauges a t 0 + a x 1 + a y 2 + a z 3 = 0, c t 0 + c x 1 + c y 2 + c z 3 = 0.
͑7.15͒
We seek local conservation laws of the resulting determined potential system arising from multipliers of the form ⌳ ͑A,C,‫ץ‬A,‫ץ‬C͒, = 1, ... ,8.
The solution of the determining equations yields 11 sets of multipliers, corresponding to
• the eight obvious conservation laws ͓PDEs ͑7.5͒ and ͑7.15͔͒;
• gauge-invariant conservation law ͑7.12͒;
• two additional sets of multipliers,
The additional conservation law corresponding to multipliers ͑7.16͒ is given by
The conservation law corresponding to multipliers ͑7.17͒ is given by
͑7.19͒
Conservation laws ͑7.18͒ and ͑7.19͒ are nonlocal conservation laws of Maxwell's equations ͑6.1͒.
(D) Nonlocal conservation laws for the Lorentz gauge. As a last example, for determined potential system ͑7.5͒ and ͑7.6͒ with the Lorentz gauges, we obtain all local conservation laws arising from zeroth-order multipliers,
͓First-order conservation laws of potential system ͑7.5͒ and ͑7.6͒ are given in Ref. 12 .͔
The solution of the multiplier determining equations yields 12 sets of multipliers. Eight of them correspond to eight equations ͑7.5͒ and ͑7.6͒ which are divergence expressions as they stand.
The additional four sets of multipliers,
where M͑͒ is an arbitrary smooth function of its argument. Point symmetries ͑8.5͒ yield nonlocal symmetries of incompressible MHD equilibrium system ͑8.2͒. One can show that globally symmetries ͑8.5͒ transform a given solution ͑b , v , p͒ to a family of solutions ͑bЈ , vЈ , pЈ͒ given by 16, 23 xЈ = x, yЈ = y, zЈ = z,
Since transformations ͑8.6͒ depend on an arbitrary function M͑͒, that is, constant on magnetic surfaces, they can be used to obtain families of physically interesting solutions from a known MHD equilibrium solution. Transformations ͑8.6͒ preserve magnetic surfaces: bЈ ϫ vЈ is parallel to b ϫ v.
As a simple example, consider the well-known simple "transverse flow" solution of MHD equilibrium system ͑8.2͒ given by
depending on two arbitrary functions H͑r͒, ͑r͒. This solution describes the differential rotation of a constant-density ideal gas plasma around the z-axis, for the vertical magnetic field; r = ͱ x 2 + y 2 is a cylindrical radius. The magnetic surfaces = const are cylinders r = const around the z-axis. In Fig. 1͑a͒ , field lines of solution ͑8.7͒ tangent to the cylinder r = 1 are shown for H͑r͒ = e −r , ͑r͒ =2e −2r . Using transformations ͑8.6͒ with an arbitrary function M͑͒ = f͑r͒, one obtains an infinite family of solutions ͑8.7͒ for a noncollinear magnetic field and velocity given by
͑8.8͒
Here the magnetic field lines and plasma streamlines are helices that are tangent to cylindrical magnetic surfaces r = const, with slopes depending on r. For f͑r͒ = e −r 2 , original and transformed magnetic field lines and streamlines tangent to the cylinder r = 1 are shown in Fig. 1 .
One can show 16, 20 that for incompressible plasma equilibria with nonconstant plasma density, there exist infinite sets of transformations that generalize ͑8.6͒, as follows. If the density is constant on magnetic surfaces, i.e., grad · B = grad · V = 0, then the infinite set of transformations, xЈ = x, yЈ = y, zЈ = z,
maps a given solution ͑B , V , P , ͒ of PDE system ͑8.1͒ into a family of solutions ͑BЈ , VЈ , PЈ , Ј͒ with the same set of magnetic field lines. In ͑8.9͒, a͑⌿͒ and b͑⌿͒ are arbitrary functions constant on magnetic surfaces ⌿ = const and b 2 ͑⌿͒ − c 2 ͑⌿͒ = C = const.
B. Nonlocal symmetries for compressible adiabatic MHD equilibria
Now consider the system of compressible MHD equilibrium equations C͕x , y , z ; b , v , p , ͖ given by 
PDE system ͑8.10͒ describes plasmas corresponding to the ideal gas equation of state and undergoing an adiabatic process. Here the entropy S = p / ␥ is constant throughout the plasma domain. A determined potential system C⌿͕x , y , z ; b , v , p , , ͖ is obtained, as before, through replacing conservation law ͑8.10d͒ by potential equations ͑8.3͒. The resulting potential system C⌿͕x , y , z ; b , v , p , , ͖ has an infinite number of point symmetries given by the infinitesimal generator,
where N͑͒ is an arbitrary smooth function. 17 Point symmetries ͑8.11͒ yield nonlocal symmetries of compressible MHD equilibrium system ͑8.10͒. The finite form of the transformations of physical variables is readily found to be given by xЈ = x, yЈ = y, zЈ = z, bЈ = b, pЈ = p, vЈ = f͑͒v, Ј = /f 2 ͑͒.
͑8.12͒
Some generalizations of symmetry transformations ͑8.12͒ are considered in Refs. 16 and 20.
IX. DISCUSSION AND OPEN PROBLEMS
In this paper, the systematic framework for obtaining nonlocally related PDE systems in multidimensions ͑n Ն 3 independent variables͒, including procedures for obtaining determined nonlocally related PDE systems, as presented in Ref. 1 has been illustrated with examples. Nonlocal symmetries and nonlocal conservation laws have been used as a measure of "usefulness" of nonlocally related PDE systems due to their straightforward computation and, often, transparent physical meaning. In particular, new examples of nonlocal symmetries and nonlocal conservation laws have been found for the following situations.
• A nonlocal symmetry arising from a nonlocally related subsystem in ͑2+1͒ dimensions ͑Sec.
II͒.
• Nonlocal symmetries and nonlocal conservation laws of a nonlinear "generalized plasma equilibrium" PDE system in three space dimensions. ͓These nonlocal symmetries and nonlocal conservation laws arise as local symmetries and conservation laws of a potential system following from a lower-degree ͑curl-type͒ conservation law ͑Sec. III͒.͔ • Nonlocal symmetries of dynamic Euler equations of incompressible fluid dynamics arising from reduced systems for axial as well as helical symmetries ͑Sec. V͒.
• Nonlocal conservation laws of Maxwell's equations in ͑2+1͒-dimensional Minkowski space, arising from a potential system appended with algebraic and divergence gauges ͑Sec. VI͒.
• Nonlocal symmetries and nonlocal conservation laws of Maxwell's equations in ͑3+1͒-dimensional Minkowski space, arising from a potential system of degree 2, appended with algebraic and divergence gauges ͑Sec. VII͒.
Moreover, known examples from the existing literature were discussed and synthesized within the framework presented in Ref. 1 . The well-known Geroch group 24,25 of nonlocal ͑potential͒ symmetries of Einstein's equations with a metric that admits a Killing vector has not been considered in this paper. This example is a natural generalization of ideas discussed above on the calculus on manifolds. It uses a conservation law of degree 1 to introduce a scalar potential variable. The symmetries are used in Refs. 24 and 25 to generate new exact solutions of Einstein's equations. The Geroch group example reinforces the understanding that a given PDE system has to have an internal geometric structure ͑in this case, a Killing vector͒ in order to have lower-degree conservation laws.
Although this paper has substantially synthesized and extended known results for multidimensional nonlocally related PDE systems, many more examples are needed to arrive at a better understanding of interconnections between nonlocally related PDE systems with n Ն 3 independent variables. The principal difficulty in performing computations lies in the complexity in solving determining equations for symmetries and conservation laws in multidimensions. Open problems include the following.
͑1͒
Find examples of nonlinear PDE systems with n Ն 3 independent variables, for which nonlocal symmetries arise as local symmetries of a potential system following from a divergence-type conservation law͑s͒, appended with some gauge constraint͑s͒. ͑2͒ Find efficient procedures to obtain "useful" gauge constraints ͑e.g., yielding nonlocal symmetries and/or nonlocal conservation laws͒ for potential systems arising from divergencetype conservation laws ͑as well as for underdetermined potential systems arising from lowerdegree conservation laws͒. In particular, do there exist further refinements of Theorems 6.1 and 6.3 of Ref.
1 that can rule out consideration of specific families of gauges for particular classes of potential systems? ͑3͒ Find further examples of lower-degree conservation laws for PDE systems of physical importance. ͓Conservation laws of degree one ͑curl-type in R 3 ͒ would be of particular interest, since corresponding potential systems are determined.͔ Examples suggest that lower-degree conservation laws are rather rare and are only expected to exist when a given PDE system has a special geometrical structure. On the other hand, divergence-type conservation laws are rather common.
